We study the extremal solutions of a class of fractional integro-differential equation with integral conditions on infinite intervals involving the p-Laplacian operator. By means of the monotone iterative technique and combining with suitable conditions, the existence of the maximal and minimal solutions to the fractional differential equation is obtained. In addition, we establish iterative schemes for approximating the solutions, which start from the known simple linear functions. Finally, an example is given to confirm our main results. MSC: 34B18; 34B40
Introduction
In this paper, we study the existence of extremal solutions to the following fractional integro-differential equation with p-Laplacian operator on infinite intervals: Fractional operators were mentioned by Leibnitz in a letter to L'Hospital in . However, for a quite long period, the theory of fractional derivatives developed mainly as a pure theoretical field of mathematics. The situation has changed recently, fractional calculus was shown to be an excellent tool for the description of memory and hereditary properties of various materials and processes. Nowadays, differential equations of fractional order have recently proved to be valuable tools in the modeling of many physical processes, such as non-Markovian diffusion process with memory (see [] ), charge transport in amorphous semiconductors (see [] ), propagation of mechanical waves in viscoelastic media (see [] ), etc. Moreover, phenomena in aerodynamics, electrodynamics of a complex medium or polymer rheology, acoustics, and electro chemistry are also described by differential equations of fractional order (see [, ] 
(t))) + a(t)f (t, x(t), (Tx)(t), (Sx)(t)) = , t ∈ J , x()
where σ is the shear stress, ε is the shear strain, λ = μ/G is the relaxation time, G is the shear modulus, μ is the viscosity constant, α and β are fractional calculus parameters and satisfy  ≤ α ≤ β ≤ . Motivated by the fractional calculus' application background, there are a large number of papers dealing with the solvability of fractional differential equations (see [-] ). By using the Leray-Schauder nonlinear alternative theorem, Zhao and Ge in [] obtained some results as regards the existence of unbounded solutions by considering the fractional order differential equation
In [], Liang and Zhang investigated the following m-point fractional boundary value problem (BVP) on infinite intervals:
Through the use of the fixed point index theory due to Leggett-Williams, the sufficient conditions for the existence of three positive solutions are obtained.
Chai in [] studied the fractional boundary value problem with p-Laplacian operator Since the existence of positive solutions to fractional boundary value problems with p-Laplacian operator have been rarely researched, in this paper, we investigate the existence of solutions for the fractional differential equation with p-Laplacian operator on infinite intervals as the BVP (.). We should mention here that our work presented in this paper has various new features. Firstly, the positive solutions on J are obtained, which expands the domain of definition of t from a finite interval to an infinite interval. Secondly, the new terms Tu, Su added in the function f of BVP (.) and the more general boundary conditions make the equation we discuss more complicated than those of twopoint, three-point, multi-point boundary conditions. Finally, through the monotone iterative technique, we not only obtain the maximal and minimal solutions to the fractional differential equation but also establish iterative schemes for approximating the solutions, which start from the known simple linear functions.
Preliminaries and lemmas
Definition . Let (E, · ) be a real Banach space. A nonempty, closed, convex set P ⊂ E is said to be a cone provided the following are satisfied:
(a) If y ∈ P and λ > , then λy ∈ P.
(b) If y ∈ P and -y ∈ P, then y = .
If P ⊂ E is a cone, we denote the order induced by P on E by ≤, that is, x ≤ y if and only if y -x ∈ P. Definition . [, ] Let α >  and let u be piecewise continuous on J and integrable on any finite subinterval of J. Then for t > , we call
the Riemann-Liouville fractional integral of u of order α.
where N denotes the natural number set, the function u(t) is n times continuously differentiable on J.
where c  , c  , . . . , c n ∈ R, n is the smallest integer greater than or equal to α.
By a similar proof to Lemma . in [], we get Lemma ..
has a unique solution
where
Lemma . The Green function G(t, s) defined as (.) in Lemma . has the following properties: () G(t, s) is continuous and G(t, s)
≥  for (t, s) ∈ J × J. () G  (t,s) +t α- ≤  (α) , G(t,s) +t α- ≤ L, for (t, s) ∈ J × J, where L =  (α)- ∞  h(t)t α- dt .
Now, we consider the associated linear BVP
Lemma . The associated linear BVP (.) has the unique positive solution
Proof By Lemma ., we have
Together with the fact
Therefore, BVP (.) is equivalent to the following BVP:
By Lemma ., BVP (.) is equivalent to the integral equation (.). This completes the proof of the lemma.
In this paper, the following space E will be used in the study of BVP (.), where
Then E is a Banach space equipped with the norm x = sup t∈J
Throughout this paper, we assume the following conditions hold:
In this case, let
Denote an operator A :
Under the assumptions (H  )-(H  ), x is a positive solutions of BVP (.) if and only if x is a fixed point of A in K .
We list the following lemma, which is needed in our study.
Lemma . [, ] Let E be defined as (.) and M be any bounded subset of E. Then M is relatively compact in E, if { x(t)
+t α- : x ∈ M} is equicontinuous on any finite subinterval of J and for any given ε > , there exists a N > , such that |
respect to all x ∈ M, and t  , t  > N .
Main results

Theorem . Assume that
Proof First, by routine discussion, we see that A : K → K is well defined. Now, we prove that A is compact and continuous, respectively. Let M be any bounded subset of K . Then there exists R  > , such that x ≤ R  , for any x ∈ M. So, for any x ∈ M, by Lemma ., we have
, without loss of generality, we may assume that t  < t  . In fact,
On the other hand, we have
So, for any ε > , there exists δ  > , such that for any
Similar to (.), for the above ε > , there exists δ  > , such that for any t  , t  ∈ [, b] and |t  -t  | < δ  , we have
Obviously, for the above ε > , there exists δ  > , such that for any
with |t  -t  | < δ and for any x ∈ M, we have
+t α- : x ∈ M} is locally equicontinuous on J.
Next, we show that
So, for any x ∈ M, we have
Thus, for any ε > , there exists N > , for any t > N and for any x ∈ M, such that
Consequently, for any t  , t  > N and for any x ∈ M, we have
Therefore, for any t  , t  > N and for any x ∈ M, we get
By the Lebesgue dominated convergence theorem, we have
Therefore, by Lemma ., we have
In conclusion, by Lemma ., together with the continuity of A, we see that A : K → K is a completely continuous operator. The proof is completed.
Theorem . Assume that (H  )-(H  ) hold, and there exists d >  satisfying the following conditions:
Then BVP (.) has the maximal and minimal positive solutions w * , ν * on J, such that
Moreover, for initial values w  (t) = dt α- , ν  (t) = , t ∈ J, define the iterative sequences {w n } and {ν n } by
In what follows, we firstly prove A :
By (H  ), we have
By Lemma . and (H  ), we have
It follows from the complete continuity of A that {w n } ∞ n= is a sequentially compact set in E. By (.) and (H  ), we have Thus the conditions in Theorem . are all satisfied. Therefore, the conclusion of Theorem . holds.
